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LETTER TO THE EDITOR

Diagonal interface in the two-dimensional Ising ferromagnet

D B Abrahami$§ and P Reed?

+ Laboratoire de Physique Théorique, Ecole Polytechnique Fédérale, Lausanne, Switzer-
land
1 Department of Mathematics, University of Manchester, Manchester, UK

Received 5 April 1977

Abstract. The surface tension of a diagonal interface for the two-dimensional Ising
ferromagnet is determined; it is direction dependent, but the critical exponent is always
unity. The associated interface is diffuse.

Consider the two-dimensional Ising ferromagnet on a lattice A: at each vertex
P =(iy, i2), with —M<i; <M, —-N<j,<N, there is a spin g; ==x1. The energy of a
configuration of spins {&} is

Exa({oh)=-J <;Z,;) 00+ Ba({o}) 1

where B,({o}) is a boundary term (Gallavotti 1972a, b).
Let dA. denote the top and bottom and let 6A, denote the left and right edges of A.
Then B () is defined by:

g =+1 ificdA,;ificoAs, andt<i;<M;ifi€dA_and —t<i;<-M
o=-1 if { € 8A,, elsewhere on dA: UJA_.

The special case t = 0 has been treated at length elséwhere (Abraham and Reed 1974,
1975).
The canonical probability measure at temperature T for a configuration {o} is:
pra{oh) =Z(A, B)™' exp(-BEr & (o)) (2)
with 8 = 1/kgT and Z{(A, B) being the partition function.
The surface tension is:
7=—lim [2(N +eh)™ lim In(Z(A, B™()/Z(A, BT)) 3)

where B has o; = +1 for all e 3A. Evidently, we have taken the incremental free
energy per unit Euclidean length on Z2. The relationship between alternative surface
tension definitions for this model has been discussed elsewhere (Fisher and Ferdinand
1967, Camp and Fisher 1972, Onsager 1944, Abraham et al 1973).

With the parametrisationt = N tan 8, —3m <8 < %17', 7(#) has been obtained exactly:

7(0) = (y(wo) +iwo tan 8)/(1 + |tan 4)) 4)

§ On leave from Oxford University.

L1121



L122 Letter to the Editor

where (Onsager 1944)

cosh y(w)=cosh 2K coth 2K —cos w 5)
with y(w) >0 for real w, K =8J and
(3w Xwo)=—itan §. 6)
The function 7(8) has the following properties:
@ 7(0)=7(-0)=7(w—6) N
from the lattice syaimetry.
(ii) 7(0)=2K ~Incoth K. 8)
This is the celebrated Onsager formula (Onsager 1944, see also Abraham etal 1973).
(iif) 0= r@w)=<7(8)<7(0) 9

and (9e7)37)=0. Thus 47 gives the minimum value.
(iv) The critical exponent p(8) is defined as:

u(0)= Tl_ig_xe_ In7(8)/In(1-T/T.) (10)
where T, is given by:

sinh 2K =1. (11)
Using (8) and (9) and 7(dn)~7(0)/v2 as T T; we have

w(@=1 for all 6 (12)
but the amplitude is 6-dependent.

(v) An interface of given Euclidean length has a resistance to being bent; equival-
ently, there is a ‘corner’ tension, this is:

(3erX8) = (iwo — y(wo))/ (1 +sin 20). (13)
Note that (3,7X8)>0 on [0, 37), and in fact
(947X0)=~7(0) (14)
which is a curious result.
The associated interface profile is defined as
F(piN)= lim (; pra+-o{oDo.y) (14)

with x = p/(1 +|tan 8{) and y = p tan 6/(1 +|tan 6]). When p =a[N(1 +|tan 6})}>, §=0
we have

N

. _f0 0=é<
Aim, F(plm_{m*sgna 8>

(S

(15)

where
m* =[1-(sinh 2k)™*]"/® (16)
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is the spontaneous magnetisation (Onsager 1949, Yang 1952, Benettin et al 1973,
Gallavotti 1972a, b).
When 8 =34 we have (see method in Abraham and Reed 1975):

lim F(aN Y2IN) = m* sgn & ®((y?(w0)) " *a))

where
2 -]
d(x)= j e du. 17
&)= 5 (17)
The apparent connection with Gaussian random variables is curious. Two factors are

noteworthy: the critical value of & is always 4 and the profile on this scale is analytic
exceptat T=0and T=T..
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